Propagation properties of Hermite-cosh-Gaussian laser beams by A Belafhal & M Ibnchaikh
Propagation properties of Hermite-cosh-Gaussian laser beams
A. Belafhal *, M. Ibnchaikh
Laboratoire de Physique Moleculaire, Departement de Physique, Faculte des Sciences, Universite Chouaõb Doukkali, B.P. 20,
24000 El Jadida, Morocco
Received 27 July 2000; received in revised form 20 September 2000; accepted 11 October 2000
Abstract
In this paper, we investigate theoretically some closed-form propagation expressions of Hermite-cosh-Gaussian laser
beams through a paraxial optical ABCD system. By studying the propagation through an aperture, we have derived the
closed-form propagation expressions through an ABCD system as a limit when the aperture width is in®nite. The
closed-form propagation expressions are derived, as a function of the probability function, which relates the electro-
magnetic ®elds on the input plane to those on its output plane. Some numerical examples are also illustrated. Ó 2000
Published by Elsevier Science B.V.
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1. Introduction
In the end of the last century, various simple,
closed-form paraxial solutions of the Helmoltz
equation has been the subject of several works. A
particularly interesting class of such solutions,
known as Hermite-sinusoidal-Gaussian beams,
has been introduced by Casperson and Tovar [1,2].
Their ®eld, written in the rectangular coordinate
system, is a generalization of the Hermite±Gauss-
ian and sinusoidal-Gaussian beams of complex
argument and can be written as a product of
Hermite-polynomial functions of complex argu-
ment, sinusoidal functions of complex argument
and Gaussian functions of complex argument.
Earlier, Lu et al. [3,4] have investigated a study
of the propagation of cosh-Gaussian beams. An-
other special case of the Hermite-sinusoidal-
Gaussian beams is the following ®eld distribution,
characterized at the z  0 plane, by














where m is the mode index associated to the Her-
mite polynomial function, x0 is the waist width of
the Gaussian amplitude distribution, A0 is the
amplitude at the central position of x  z  0 and
X0 is the parameter associated with the cosh part.
This class of beams will be referred to as ÔHChGÕ
beams in this work. Eq. (1) is plotted in Fig. 1 as a
function of the normalized coordinate parameter
x0  x=x0 for the mode index m  1 and 2 and for
various values of the decentered parameter
b  x0X0. In this paper, the normalized intensity
distribution is given by Ej j2 and the normalization
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factor is the maximum of the beamÕs integrated
irradiance. From Fig. 1, it is clear that for b  0
the intensity distribution reduces to the familiar
Hermite±Gaussian form and for b > 1, the energy
is concentrated in two widely spaced lobes of the
beam because of the eect of the cosh function.
For small values of b, the lobes number is equal to
m 1 and the outer lobes intensity is greater
than the centered ones.
On the other hand, we can express Eq. (1) as
follows





























where b  x0X0 is called a decentered parameter.
In other words, the HChG beams can be generated
in the laboratory by superposition of two decen-
tered Hermite±Gaussian beams as cosh-Gaussian
ones located at the positions b=2; 0  and
ÿb=2; 0 , respectively.
An important investigation, needed for many
applications, is the study of the light propagation
of the considered beams through a paraxial optical
system characterized by a transfer matrix ABCD.
For this, we use the diraction integral, called the
Collins formula, of such a system which gives the
relationship between the output and input com-
plex amplitude distributions of the light ®eld.
However, in our knowledge the HChG beams
transformation through any axisymmetric optical
system has not been treated. In this paper, we will
deduce the amplitude distribution at the output
plane of a paraxial optical system, characterized
by ABCD elements, illuminated by HChG beams.
Finally, we will analyze three transformations: free
space propagation, Fourier and fractional Fourier
transfer systems. Some numerical examples are
also presented.
2. Theory
Consider a paraxial optical system illuminated
by the above family of beams, which is represented
by E0x; 0 at the input plane and by Ex; z at the
output plane. For an optical system described by
an ABCD matrix, the relationship between the














ÿ 2xx0  Dx2dx0: 3
In this equation we have omitted an unimportant
phase factor. A, B and D are the elements of the ray
Fig. 1. Relative intensity plots of a HChG beam pro®les from Eq. (1) for various values of the decentered parameter. The mode index is
(a) m  1 and (b) m  2.
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matrix, a is the aperture width and z is the optical
path length along the propagation axis between
the two reference planes. Because the elements of
the ABCD matrix are real numbers, the integrated
intensity is invariant and the energy is conserved.
By introducing Eq. (1) into Eq. (3), one ®nds
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When X0  0, then y  yÿ v  vÿ and the
above equation gives the propagation ®eld of
Hermite±Gaussian beams.
Eq. (8) can be written, by introducing the q-
parameters: q0  ikx20=2 (at z  0 plane) and q (at
z plane), which obey the well-known ABCD law
1
q
 C  D=q0






















































is the normalized coordinate parameter.
If one associates the Fresnel number Nw 
x20=kz to HChG beams, the following expression
of Ex0; z is needed






































F 0  izApNw
B
 1; 13a

































p ÿ y: 15b
With the help of the summation theorem [6]



















































where m=2  signi®es the integral part of m=2. By






m!2nÿ 2m! 2z 
2nÿ2m
; 18

























 P v22 =g
 n




which is expressed in terms of the probability in-
tegral of the v2-distribution P v2=g related to the
incomplete gamma function by [6]
Pv2=g  cg=2; v
2=2
Cg=2 : 20












g  2k ÿ 2n 1; 21c
and C is the Euler function. Note that Eq. (19)
reduces to Eq. (22.13.17) of Ref. [6] when
t1 ! ÿ1 and t2 ! 1.
Finally, by the use of Eq. (19) and the dupli-
cation theorem [7]
CzCz 1=2  2 pp 2ÿ2zC2z; 22









































 P v22F =g
 h













 P vÿ22F =g
 h
 P vÿ21F =g
 i
; 23
which can be expressed, as a function of the q-
parameters, in the following form
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In the following section, we will discuss two
special cases of practical interest in the use of Eqs.
(12) and (24).
3. Numerical examples and discussions
3.1. Propagation in free space
For this unapertured case, the corresponding
transfer matrix is characterized by: A  1, B  z,
C  0 and D  1. Note that Eq. (12), which is
valid for the unapertured case, is the main ana-
lytical result obtained and have a general appli-
cable advantage. Numerical illustrative examples
of the propagation in the free space of the HChG
beams are given in Figs. 2±4. We show in Fig. 2(a)
and (b) the normalized intensity distributions of
HChG beams in the Fresnel diraction region
Nw  1 for two values of the mode index m and
of the decentered parameter b. For b  0, the in-
tensity pro®le of the HChG beam is similar to a
Hermite±Gaussian distribution and with increas-
ing b, the cosh function acts to concentrate the
energy in the outer lobes of the beam. In Fig. 3(a)
and (b), we present the relative irradiance distri-
butions of the considered beams in the Fraunhofer
diraction region with a Fresnel number Nw 
0:001 and for b  0, 1, 2 and 5. In the same re-
gion and for b  30 (large value), we give in Fig.
4(a) and (b) the intensity distribution for m  1
and m  2, respectively. For an odd value of the
mode index the beam pro®le becomes the sinus
curves with an oscillating frequency 2pNw=X0
modulated by a Gaussian envelope. But for an
Fig. 2. Relative intensity distributions of the HChG beams for the propagation in the free space for various values of the decentered
parameter. The calculation parameters are Nw  1 and (a) m  1 and (b) m  2.
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even mode index, the intensity distribution of the
considered beams can be regarded as the cosine
curves as the case of the cosh-Gaussian beams.
From these ®gures, we note that the propaga-
tion of HChG beams in the unapertured case de-
pends essentially on three parameters: the mode
index m, the decentered parameter b and the
Fresnel number Nw.
3.2. Focusing by a thin lens
It can be shown that for a!1, Eq. (24) is
reduced to Eq. (12). So, Eq. (24) provides a general
description of HChG beams propagation through
an unapertured and an apertured case. As illus-
tration, we assume that the considered beam is
focused by a thin lens of focal length f followed
by a free space region. The corresponding trans-
fer matrix is de®ned by: A  ÿDz, B  z, C 
ÿ Dz 1 =z and D  1 with Dz  zÿ f =f . We
give in Figs. 5 and 6 the normalized intensity dis-
tributions in the Fresnel diraction region Nw 
1 of a HChG beam for the propagation through
an aperture lens at the focal plane Dz  0; i.e.
z  f and the parameter F given by Eq. (11b) is
equal to unity. In Fig. 5(a) and (b) some typical
examples are illustrated with the decentered pa-
rameter b  0:2 and for dierent values of the
Fig. 3. Normalized far ®eld intensity distributions of a HChG beam with Nw  0:001 for the propagation in the free space for (a) m  1
and (b) m  2.
Fig. 4. As Fig. 3 with b  30 and (a) m  1 and (b) m  2.
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truncation parameter given by d  a=x0 ÿ b=2.
As Fig. 5, we show in Fig. 6 the normalized in-
tensity distributions of a HChG beams with
d  0:2, 0:8 and 1:5 for the propagation through
an aperture lens at the plane Dz  0 for b  1. We
note that for small values of b or for large values of
m, a central dip appears and becomes important
and with increasing the decentered parameter b,
the number of the lobes increases.
It follows from these ®gures that the propaga-
tion of HChG beams depends essentially in the
apertured case on four parameters: the Fresnel
number Nw, the mode index m, the decentered
parameter b and the truncation parameter d.
4. Conclusion
In this work the general propagation equations
of Hermite-cosh-Gaussian laser beams have been
derived and illustrated with numerical examples.
The closed form of these equations are obtained in
unapertured and apertured cases. In this last one,
we have shown that the propagation depends on
some beam parameters and on the considered
diraction region. Finally, we would like to men-
tion that the propagation equations of the Her-
mite±Gaussian and the cosh-Gaussian beams can
be considered as particular cases of our analytical
formulas derived in this study.
Fig. 6. As Fig. 5 with b  1.
Fig. 5. Normalized intensity plots of the HChG beam pro®les from Eq. (24) for the propagation at the focal plane of Dz  0 through an
aperture lens for various values of the truncation parameter d. The calculation parameters are: b  0:2, Nw  1 and (a) m  1 and (b)
m  2.
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